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1 [t0's early works on stochastic differential

equations

e Differential equations determining a Markoff processes, Journal of
Pan-Japan mathematical colloquium No.1077(1942) (original Japanese:
Zenkoku Sizyo Sugaku Danwakai-si)

e Stochastic differential equations in a differentiable manifold, Nagoya
Mathematical Journal vol.1, 35-47(1950)

e On stochastic differential equations, Memoirs of American
Mathematical Society vol. 4,1-51 (1951)

e On a formula concerning stochastic differentials, Nagoya math.
Journal vol.3, 55-65 (1951)
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2 Chain rule for ODE

e ODE (Ordinary Differential Equation):



2 Chain rule for ODE

e ODE: o5
¢
Tt (X
2t b(x,)
e Chain rule for ODE
aF(x,)
X _ prixp(x,)

dt



2 Chain rule for ODE

e ODE: o5
¢
Tt (X
2= b(X)
e Chain rule for ODE
aF(x,)
D) pxopx)

Namely,
df (Xt) = f/(Xt)b(Xt)dt



2 Chain rule for ODE

e ODE: o5
— = b(Xt)
e Chain rule for ODE
df(Xt) _pl
St pXb(X)
Namely,
df (X¢) = f'(X¢)b(Xy)dt
f(X7) — f(Xo) fo (X¢)dt

A(T) i= {O =ty <t1,..<ty=1, N = 1,2,..}, by <k, < tix1



3 |1to’s differential rule

e SDE (Stochastic Differential Equation):

dXt — b(Xt)dt + O'(Xt)th

W, :a standard Brownian motion
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olt0’s differential rule
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3 |1to’s differential rule

e SDE
dXt — b(Xt)dt + O'(Xt)th

W, :a standard Brownian motion
o|td's differential rule
df (X¢) = {f'(Xe)b(X¢) + %f”(Xt)U(Xt)Q}dt + f'(X¢)o (Xe)dW,
Why ”%f”(Xt)a(Xt)z” comes in ?
e simplest case (b=0, o(x) =1)

(1) df (W) = %fﬁ(Wt)dt + f1{(Wy)dW,



4 Brownian motion W;

e 1V, is nowhere differentiable



4 Brownian motion W;

e 1V, is nowhere differentiable

e IV, is not of finite variation:

= 00, a.s.

N
sup Wi, — Wy,
A(T)g\ i — W

A(T) ::{O:t0<t1<t2,...,<tN:T, N:1,2,...}
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4 Brownian motion W;

e 1V, is nowhere differentiable

e IV, is not of finite variation:

N
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4 Brownian motion W;

e 1V, is nowhere differentiable

e IV, is not of finite variation:

N
sup Wi, — Wy,
A(T)g\ i — W

= 00, a.s.

A(T) 1= {O:to <t <to,....<tny=1T, N = 1,2,...}
e dW; cannot be defined in an ordinary sense
e Then, how define dW, ?

e Hint! look at the quadratic variation

lim Y (Wi, — W, [P =T

|A(T)[—0




5 Brownian motion W; (cont'd)

Note that for 0 =ty <t1-- - <tnyi1 =T

N
W:% — WO2 — Zi:O(WQ

tit1

- W)

— Zi\io(WtiH - Wti>2 + Z'f\;() 2Wtz (Wti—l—l - Wtz)



5 Brownian motion W; (cont'd)

Note that for 0 =ty <t1-- - <tnyi1 =T

N
W:% — WO2 — Zi:O(WQ

tit1

- W)

— Zi\io(WtiH - Wti>2 + Zi\fzo 2Wtz (Wti—l—l - Wtz)

As |A(T)| — 0 we have

T
(5.1) Wi —-Wg=T +/ 2W, dW,
0

If we define

t o
0 |A|(T)—0



T

(5.1) Wz —-Wg =T +/ QW dW,
0

(5.1) means

(5.2) F(Wr) — F(Wp) = /0 %f”(Wt)dt+ /O /(W) dW;

for f(x) = z? since f'(x) = 2z, f"(z) = 2.



T
(5.1) Wz —-Wg =T +/ QW dW,
0

(5.1) means

(5.2) F(Wr) — F(Wp) = /0 %f”(Wt)dt+ /O /(W) dW;

for f(z) = x? since f'(z) =2z, f"(z)=2.
For general f (5.2) can be seen by using Taylor expansion

f(Wti—i—l) o f(Wtz) — f/(Wti)(Wti—l—l - Wtz)

_I_%f”(Wti)(Wti—l—l - Wti)Q + 0(|Wti—|—1 - Wti

*)



6 Brownian motion W; (cont'd)

Zi Wti—l—l (Wti+1 - Wtz) — Zi(Wti—l—l - Wtz’)(Wti—i—l - Wtz)
T Zz Wti (Wti—f—l - Wtz)

Implies

|A(T)|—0

T
lim Y Wi, (We,, —Wy,) =T+ / W, dW,
i 0)



6 Brownian motion W; (cont'd)

Zi Wti—l—l (Wti+1 - Wtz) — Zi(Wti—i—l _ Wti)(Wti—i-l - Wtz)
T Zz Wti (Wti—{-l - Wtz)

Implies

S 2 e W, = i) =T+ [ i
By defining

T

Wt- -+ Wt-
WiodW, .= i st -~ (W, . — Wy
A t © t |A(11“I)I|1—>O 7; 9 ( tit1 tz)

we see that

1
lA(l%ﬁLOZWt 01 Wiy = Wey) / WiodW; + ST



7 Definition of stochastic integral

Ito integral
For predictable (%, w)
T
| ettw)dWii= tim 37 pltiw) (Wi, — W)
0

[A(T)[—=0 =

1



7 Definition of stochastic integral

Ito integral

For predictable (%, w)

T
tw)dW, == 1 ti,w) Wy, , — W,
/()@(,w) ! |A(%I)I|1%2¢ w)(We,,, t;)

Stratonovich integral

For semimartingale Y (¢, w)

T 2 4+ 1 i
fO Y(t,w) @) th . — hm|A(T)|—>O Zz Y(tH_ )2+Y(t )(Wti—|—1 — Wtz)
: Y (ti)+Y (tit1) =Y (L

) YidWy + (Y, W),



8 1td’s differential rule (1)

e Semi-martingale:

t t
X, = X, +/ b(XS)ds+/ (X)W, = Xo + A, + M,
0 0



8 1td’s differential rule (1)

e Semi-martingale:

t t
Xt :Xo —|—/ b(XS)dS+/ O'(XS)CZWS EXO+At+Mt
0 0

o|to’s differential rule for a semi-martingale:
F(Xe) = F(Xo) = [ U (X)B(X,) + §f"(X,)o(X,)?}ds
+ o f Xs)dWs

_fo dX+2fofN s)d(M, M)
— fo f(Xs) o dX,

(M, M), = / o(X.)’ds, (f(X.), X} = / (X



9 Stochastic exponential

Let

Yi = efo el e, f(x) =e”



9 Stochastic exponential

Let t
Yi = 6f0 7 Xo)dWs — M, flz)=¢€"

)

Then, by Ito’s formula we have

Y,
df (M) = dY; = Yio(X,)dW,; + éa(Xt)th,

dY, 1
Tt — o (X)) dW, + =0 (X,)?dt
t

namely,
i 2



9 Stochastic exponential

Let

Yi = efo el e, f(x) =e”

Then, by Ito's formula we have

1
df (M,) = dY; = Yo (X,)dW, + Yt§a(Xt)2dt,

dY;, 1
namely, —— — o(X,)dW, + =0 (X,)?dt
Y. 2
Thus we see that
Zt — efOt O'(Xt)th—% fot O'(Xt)th

satisfies 7
—t — O'(Xt)th
Zy



e Differential equations determining a Markoff processes, Journal of
Pan-Japan mathematical colloquium No.1077(1942) (original Japanese:
Zenkoku Sizyo Sugaku Danwakai-si)

e Stochastic differential equations in a differentiable manifold, Nagoya
Mathematical Journal vol.1, 35-47(1950)

e On stochastic differential equations, Memoirs of American
Mathematical Society vol. 4,1-51 (1951)

e On a formula concerning stochastic differentials, Nagoya math.
Journal vol.3, 55-65 (1951)



10 Kolmogorov equation

e SDE
(101) dXt — b(Xt)dt -+ O'(Xt)th, XO — X

X7: a solution to (10.1)



10 Kolmogorov equation
e SDE

(101) dXt — b(Xt)dt -+ O'(Xt)th, X() — T

X’: a solution to (10.1)

e |td’s differential rule for u = u(t, z)
du(t, X¥) = {G¢(t, XF) + G (t, XP)D(XT) + 5 525 (8, X7 )o (XF)?}dt
+84(t, XT)o(XF)dW;

= {24 (¢, XF) + Lu(t, X;) }dt + 92 (t, XF)o(XE)dW,

Q>|Q3

where
Lu(t 2) 2= b(x) S (t,2) + o) o (1,



11 Kolmogorov equation (cont'd)

Set u(s,x) := E|g(X7%_,)] . If it is smooth, then it satisfies

( %(S,x)%—lzu(s,x):o, 0<s<T

X u(Tv .CC) — g(:l?)



11 Kolmogorov equation (cont'd)

Set u(s,x) := E|g(X7%_,)] . If it is smooth, then it satisfies

( %(s,a})—kl}u(s,x):@, 0<s<T

\ u(T, z) = g()

Because It6's formula applied to u(t, x) gives us

u(t, X ) —u(s,z) = [ {(5% + Lu)(s + 7, X7)}dr

+ Jo G (t, XT)o (X)W
and Markov property implies

u(s,z) = Elg(X7_,)] = E[E[g(XT_,)|Xi]]

= E[E[g(X%_,)| X)) = Elu(t, Xi,)]

y=X7 |



12 Optimal portfolio selection

Market model

Price of a riskless asset:
dsY = SPr(X,)dt, Sy =1
Price of a risky asset:
2 .
dS} = SH{a(Xy)dt + ) o (X)dWi},  S§ = so
j=1

Economic factor:

2
dXy = B(Xp)dt + ) N(Xe)dW], Xo=ua
J=1



Wealth process
Vi = Ntosg + Ntlstl

N}, i = 0,1: numbers of share invested to i-th security S?



Wealth process
Vi := NSy + N, S}

N}, i = 0,1: numbers of share invested to i-th security S?

Portfolio proportion

i S,
Vi

o= ,i=0,1, h}+h; =1

Denote h; by h; in what follows since hY =1 — h;.



Wealth process
Vi := NSy + N, S}

N}, i = 0,1: numbers of share invested to i-th security S?

Portfolio proportion

N; St

hi:: v

i=0,1, hY+hi=1

Denote h; by h; in what follows since hY =1 — h;.

Dynamics of the wealth process

Cl‘/t = ‘/t{r(Xt) —|— ht(()é(Xt) — ’I“(Xt))}dt —|— V;jhtO'(Xt)th,

V() — Vo



Dynamics of the wealth process
d‘/t = V;{T(Xt) + ht(Oz(Xt) — T(Xt))}dt + V;ghtO'(Xt)th,

VO — Vo



Dynamics of the wealth process
Vs = Vi{r(Xs) + he(a(Xs) — 7(X,)) Yt + Viheo (X,)dWs,
Vo = wo
Since (V); = fg V2h?00*(X,)ds we have by 1t6's formula
AV =V dVi + ty(y = DV T2V )y
=YV {r(Xe) + he(a(Xe) — r(Xe)) Yt + heo(Xi)dW,]

+%fy(fy — 1)‘/;7h§00*dt



Dynamics of the wealth process

dVy = Vi{r(X;) + he(a(Xy) — r(Xe)) bt + Viheo (X)) dWry,

Vo = v
Since (V); = fg V2h?00*(X,)ds we have by 1t6's formula

dVy = AV dVe + 3y(y = DV (V)
= YV [{r(Xe) + he(a(Xe) — r(Xy)) Yt + heo (X)) dW]
+2v(y — 1)V, hioo*dt

Therefore we have

T = {r(X0) + he(a(Xy) = 7(Xy)) + 5(7 = Dhioo™(X,)}dt

Fyhio (X)) dW,



Once more again by It6's formula we have

T T 2 T 5
VI — vgev fO n(Xs,hs)ds+ fo heo(Xs)dW,— 2% fo hloo* (X,)ds

where



Once more again by It6's formula we have

T T 2 T 5
VI — vgev fO n(Xs,hs)ds+ fo heo(Xs)dW,— 2% fo hloo* (X,)ds

where

Minimizing

log £V (h)”]
by selecting h amounts to minimizing

log E[s]e” [ n(Xahayds+y [T heo (Xs)dWs— L N hgaa*(xs)ds]



Utility maximization and risk-sensitive portfolio optimization

Power utility maximization:

1
sup —E[Vr(h)?], v <0
h 7Y

Is equivalent to risk-senstive portfolio optimization:

inf log E[Vr(h)"], v <0



Utility maximization and risk-sensitive portfolio optimization

Power utility maximization:

1
sup —E[Vr(h)?], v <0
h 7Y

Is equivalent to risk-senstive portfolio optimization:

inf log E[Vr(h)"], v <0

and so

T T A2 (T o
inflogE[vgero 77(Xs’hs)alSJWfO frao (X} dWeo==3 fo hsoo (XS)dS]
h



Through change of measure

h 2
dP _ fOT heo(Xs)dW,— L fOT h2o0* (X,)ds
- Y/
dP |,

T T A2 (T g
it log Bl 1050 [ o [ 1

turns out to be -~
lnf log Eh[v’o}/67 fO 77(X37hs)d8]
h



Through change of measure

h 2
dP . e,y foT hSU(Xs)dWs—WT fOT th'o'*(Xs)dS
- Y,
dP | ;.

ik 75 A2 (T oa
inflOgE[Ugevfo 77(XS’h”)dSJﬂfo heo(Xa)dW.—-3 fo hsoo <Xs)d8]
h

turns out to be -~
inf log E"[v]e” Js n(XS’hS)dS]
h

whose H-J-B (Hamilton-Jacobi-Bellman) equation is
(12.1)

ov 1 x 020 1 x| Ov |2
ot T 2 AN 502 + 3 AN 32

+inf, {[8(z) + yAo™* (@)h] 52 + yn(z, h)} =0

v(T, x) = ~vlog vy



Analysis of the H-J-B equation (12.1) gives us optimal portfolio strategy

A

h(t, X;)

under suitable conditions, where

7 1 * —1 * v
h(t, z) = —”Y(UU (2)) " (alz) — r(2)) + oA (2) 5 (t, 2).
and %(t,x) is the solution of the H-J-B equation.

A

Namely, A(t, X;) attains the minimum of

T
lOg Eh[?}ge’y fo U(Xs,hs>d3], y <0

which is equivalent to utility maximization.



Down-side risk minimization

Consider a down-side risk minimization on a long term:

P | 1
J(k) = 1%13 lﬁlo%f T log P(T log Vr(h) < k)
for a given target growth rate k

and risk-sensitive portfolio optimization on a long term:

1
.: ° . . . f'y
x(7v) : I%f hjgn inf — log E[Vp(h)”]



Down-side risk minimization

Consider a down-side risk minimization on a long term:

1 1
TN A 1 .
J (k) 1%13 lﬁlo%f - log P(T log Vr(h) < k)

for a given target growth rate k
and risk-sensitive portfolio optimization on a long term:

1
.: ° . . . f'y
x(7v) : I%f hjgn inf — log E[Vp(h)”]

We can show that

J(k) =— inf sup{yk—x(v)} = —sup{yx — x(7)}
ke(—o0,k] v<0 v<0

for lim~_,c X'(7) < k < x'(0—) under suitable conditions.



Moreover, for given target growth rate x we take v(x) which attains

sup{vs — x(7)} = v(k)x — x(7(k))

v<0
and choose an optimal strategy EZ(K“) which minimize
lim fll E\Vr(h)?!
im inf - log E[Vr(h)7].

Then, this A" attains the minimum of

1 1
HTHiio%f 7 log P(T log Vr(h) < k)



Moreover, for given target growth rate x we take v(x) which attains

ilil()){’wf —Xx(M)} = v(8)k = x(v(K))

and choose an optimal strategy ﬁz('{) which minimize

1
lim inf - log E[Vr(h)7].

T'— o0

Then, this A" attains the minimum of

1 1
h:rniio%f - log P(T log Vr(h) < k)

we can obtain ﬁz(m) through analysis of H-J-B equation of ergodic type
corresponding to risk-sensitive portfolio optimization:

1
.: . . . _ ’y
x(v) : 11%f hTHiloréf = log E[Vr(h)7].



Thank you for your attention !





